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HYDRODYNAMICS OF FLUIDS OF VARIABLE VISCOSITY 
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An invar iaa t  t heo log ica l  equat ion is proposed for the flow of fluids 

with a va r iab le  viscosity independent  of t i m e .  It is shown to be de -  
s irable to dist inguish a subclass of fluids with a l inear  f luidi ty  law. 

1. Fluid media  with va r i ab l e  v i scos i ty  a re  widely 
used in the chemica l  and p r o c e s s i n g  i ndus t r i e s .  Here 
the t e r m  "var iab le  v i scos i ty"  denotes that the v i scos i ty  
is  a function not only of the t he rmodynamic  p a r a m e -  
t e r s  of s tate  (p, T) but a lso of c e r t a i n  o ther  p a r a m e -  
t e r s .  It is usual ,  in this  case,  to speak of a fluid with 
anomalous  v i scos i ty .  However,  the mul t i tude  of fluid 
media  with va r i ab l e  v i s cos i t y  makes  it  v i r tua l ly  i m -  
poss ib le  to t r e a t  them all as anomalous .  

As a rule ,  the va r i ab l e  v i s cos i t y  is  re la ted  with 
the ;d ispers ion  phase,  which has a c e r t a i n  s t ruc tu re .  
We shal l  de sc r ibe  as fluids with s t ruc tu r a l  v i scos i ty  
those media  whose v i s cos i t y  for  given p and T is  a 
s ing le -va lued  funct ion of the tangent ia l  s t r e s s e s *  

= I ~ ( '0 .  ( 1 . 1 )  

There  a re  a l a r g e  n u m b e r  of f luids whose v i scos i t i e s  
a re  a complex  funct ion of shea r ing  s t r e s s  and the t ime  
dur ing  which this  s t r e s s  acts  (thixotropie and rheo-  
pectic),  as well  as f luids with e las t i c  p r o p e r t i e s  (vis-  
coe las t ic ) .  The hyd rodynamics  of such fluids wil l  not 
be cons ide red  he r e .  

It should be noted that v i scos i ty  is  a m o r e  complex  
funct ion of the t angen t ia l  s t r e s s  than i t s  r e c i p r o c a l - -  
f luidi ty.  The re fo r e  it  is convenien t  to cons t ruc t  a phe-  
nomenolog ica l  t heo ry  of the flow of f luids with s t r u c -  
tu red  v i seos i ty  r e l a t ive  to ~(~), which in a o n e - d i m e n -  
s ional  flow is  defined as 

~/)' 
= ~-- V0 (~'0 is  the yield point) .  (1.2) 

F igure  1 shows schema t i ca l ly  the genera l  r e la t ion  
~p(T) for  the case  d~/dT > 0 when 7 > ~1 accord ing  to 
the expe r imen ta l  data of a s e r i e s  of au tho r s .*  In the 
region  7 < ~'0, ~P = 0 and the fluid exhibi ts  so -ca l l ed  
condi t ional  e las t i c i ty .  In the reg ion  ~-0 < ~ < ~'l the be-  
hav ior  of the fluid is cha rac t e r i zed  by cons tan t  f luidity 
(P0- Natural ly ,  t he re  is  some a r b i t r a r i n e s s  in de t e r -  
min ing  ~'l, s ince  the t r a n s i t i o n  from cons tant  f luidi ty 
~0 0 to va r i ab le  f luidi ty is  r ea l i zed  smoothly on a c e r -  
ra in  segment  A1-. 

Fig.  1. The na tu re  of the 
hmct ion  cp = ~p(~-). 

We shal l  cal l  the quant i ty  T 1 the l i m i t  of s tabi l i ty  
of the m a c r o s t r u c t u r e  of the fluid, and ~0 the zero  
f luidi ty;  we shal l  denote the f luidi ty as T -  ~ by ~ .  

As the scale  of va r i a t i on  of f lu idi ty  it is na tu r a l  
to take the d i f ference  g0~ - ~0, and as the unknown 
v a r i a b l e  the f luidi ty defect  ~ - e .  Then  f rom the 
quant i t ies  ~, q~0, g0~ and r - 71 it  is  poss ib le  to fo rm 
two d i m e n s i o n l e s s  complexes ,  by in t roduc ing  a c e r -  
t a in  quant i ty  ~, which can se rve  as a m e a s u r e  of the 
s t r u c t u r a l  s tab i l i ty  of the fluid: 

9,-- ~ = - - ~ 0 '  v* =~ %o--~------~- (2.1) 

2. We shal l  cons ide r  the r e l a t ion  be tween f lu id i ty  
and tangent ia l  s t r e s s e s .  A cons ide rab l e  n u m b e r  of 
complex  e m p i r i c a l  e x p r e s s i o n s  based  on m o r e  or  l ess  
succes s fu l  app rox ima t ions  of the n o n l i n e a r  flow curve  
in  a c e r t a i n  i n t e rva l  of s t r e s s e s  o r  shea r  r a t e s  [1, 3] 
have fai led to e n t e r  into g e n e r a l u s e ,  whe reas  Os twald ' s  

widely  accepted power  fo rmula  [4], which t e m p t s  by 
the s i m p l i c i t y  of the ope ra t ions  involved, wil l  not s tand 
c r i t i c i s m  e i t he r  f r o m  the viewpoint  of c o r r e s p o n d e n c e  
with the l imi t  p r o p e r t i e s  of q~(T) no r  f rom the viewpoint  
of the d i m e n s i o n a l i t y  of the coeff ic ients  i t  con ta ins .  

The r e l a t ion  ~ . ( T . ) h a s  the same c h a r a c t e r  for 
fluids with both i n c r e a s i n g  (~o > ~0), and d e c r e a s i n g  
(#o,0 < ~0) fluidity. In this  case  d 2 ~ . / d r  2 > O and for 
the fluidity we have 

d %  = - -  % & , .  (2.2) 

Corresponding ly ,  

~,=I when T~<~<TI, 

n = t ,  ( p , = e x p ( - - ~ . )  w h e n ~ > ~ , ,  

n 4 = l ,  ~ ,  = [ l  - -  ~ .  ( l  - -  n ) ]  ~ - '  

(2.3) 

(2.4) 

when~>~,. (2~5) 

*Other terms are also used for such fluids: "non- 
Newtonian fluids with rheological characteristics in- 
dependent of time" [I], ~generalized newtonianfluids" 
[2]. 

Whence it  follows that  the f luidi ty for n = 1 is  c h a r -  
a c t e r i z e d  by a set  of five quan t i t i e s  {%, xx, %, ~ ,  0}. 

*For  s o - c a l l e d  d i la tan t  f luids  d~/d~- < 0. 
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In s t r o n g l y  s t r u c t u r e d  f lu ids  the  b r e a k - u p  of  t he  
s t r u c t u r e  u n d e r  the  i n f l u e n c e  of  s h e a r i n g  s t r e s s  l e a d s  
to a c o n s i d e r a b l e  c h a n g e  in  f lu id i ty .  Such f lu ids  i n -  
c l u d e  p o l y m e r  m e l t s ,  c o n c e n t r a t e d  s u s p e n s i o n s ,  p a s t e s ,  
b i t u m e n s ,  e t c .  
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F i g .  2. B i t u m e n  M III, t = 
= 20 ~  ~ f ~ = 3 . 8  . 1 0 - 4 P  - i ,  

~0~ = 20 �9 1 0 - r  -1, 70 = 
= 1 2 . 5 .  103 d y n e / e m  2. 

For weakly structured fluids (polymer solutions, 
low-concentration suspensions, emulsions, latexes) 
the change in fluidity under the action of shearing 
stress is relatively slight. 

At sufficiently small r, the region of f of practical 
interest is satisfactorily described by the first two or 
three terms of the expansion of Eq. (2.4). Rewriting 
t he  l a t t e r  in t he  f o r m *  

), (2.6) 

we ge t  

0 ~ (v - - r ip  
~ = q ~ 1 7 6  ~Pr162 + " "  (2 .7)  

o r ,  c o n f i n i n g  o u r s e l v e s  to t he  f i r s t  two t e r m s  of  t he  
e x p a n s i o n ,  

= ~o + O (~ - x~). (2 .8)  

s i g n  should  be  i n s e r t e d  in f ron t  of  t he  second  t e r m  of 

(2 .8) .  
3. F o r  a l a m i n a r  i s o t h e r m a l  f luid f low in a c i r c u -  

l a r  c y l i n d r i c a l  channe l  the  t a n g e n t i a l  s t r e s s  d i s t r i b u -  
t i on  h a s  t he  f o r m  

x ,= x ~ ,  ~ = r / r  o . (3 .1)  

H e r e  ~ i s  the  d i m e n s i o n l e s s  r ad iu s ,  T w i s  t he  v a l u e  
at the  wa l l .  When r o = 0 and r < r I a s  a r e s u l t  o f  i n t e -  
g r a t i o n  of  the  e q u a t i o n  

dw ( r S__ aP 
d"-'~ = - - r  * =  --  2 dz ] '  (3 .2)  

we  ge t  the  v e l o c i t y  p r o f i l e  

w = x/z'r~c~oro (t  ,-- r ~ / ro=). ( 3 . 3 )  

At r 1 = 0 and w i t h  a l i n e a r  l aw  of f lu id i ty  ~o = ~00(1 + 
+ d r )  we  ge t  

= Wc, , , ro '~o [(l ~ ~) + =/~0~ (l - ~')l, (3.4) 
( o ) ,  (3.5) 

<W) = x/aT, wroq~o (t + *],0Xw) (3.6)  

1 - - ~ + ~ 1 ' ~ % ( i - - ~ 9  (3.7)  co = ~ = 2 t + %et~ ' 

i + =/~ 0% 
= Wmax --  2 (3.8) 

s ~ - -  I -}- a]5 ~)~W 

6t 

r w = dyne/cm 2 

g " z 
ii . . . . . . . . . .  J , , ,  ne/cm 

0 50o l ~  

F i g .  3. So lu t i on  o f  1 . 6 9  % 

r u b b e r  in  t o l u e n e ,  t = 24~  
~o 0 =  0 . 7 P  - l ,  gooo = 5 . 1 P  -1. 

E q u a t i o n  (2 .8)  i s  v e r y  c o n v e n i e n t  f o r  c o n s t r u c t i n g  
a p p r o x i m a t e  m e t h o d s  o f  c a l c u l a t i n g  the  f l o w  of f lu ids  

wi th  s t r u c t u r a l  v i s c o s i t y .  T h e r e f o r e ,  in t h e  t h e o r y ,  i t  
i s  d e s i r a b l e  to  d i s t i n g u i s h  a s p e c i a l  s u b c l a s s  o f  f l u id s  

w i t h  a l i n e a r  f l u i d i t y  l aw .  F o r  a d i l a t a n t  f lu id  a m i n u s  

*One  shou ld  a l s o  k e e p  in  m i n d  t h a t  f o r  t h e  m a j o r i t y  

o f  f lu ids  r 1 ~ 0. 

Fig. 4. Solution of sodium- 
earboxymethyl cellulose in 
water--l%, t = 20 ~ C, q~0 = 
- 4 . 5 P  -1, gOoo=9P -1, ~-1= 

= 50 d y n e / c m  2. 

H e r e  Wma x i s  t h e  m a x i m u m  v e l o c i t y  a t  t he  tube  
ax i s ,  and (w) i s  t h e  m e a n  f low r a t e .  

F r o m  (3 .8)  i t  i s  c l e a r  t h a t  COma x < 2 w h e n  ~ > 0, 
i . e . ,  t he  v e l o c i t y  p r o f i l e  i s  f u l l e r  than  f o r  the  f low 
of  o r d i n a r y  N e w t o n i a n  f l u id s  (d = 0); c o n v e r s e l y ,  

COmax > 2 w h e n  ~ < 0. E v i d e n t l y ,  in  t he  g i v e n  c a s e  
i t  i s  c o n v e n i e n t  to  c o n s t r u c t  t h e  R e y n o l d s  n t tmbe r  of  

t h e  f low in the  f o r m  /r = (w)D(p0p. 

H e r e  ~o 0 i s  t h e  z e r o  f l u id i t y  (r  --* 0). T a k i n g  into  
a c c o u n t  (3 .6) ,  we find tha t  

8Tw 128 ~ % 0 2 

4. F o r  l o n g i t u d i n a l  i s o t h e r m a l  f low p a s t  a p l a t e  
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F i g .  5. 1) P o l y v i n y l  a l c o h o l  in w a t e r  

2 .5%,  n = - l ,  T 1=  0, T O = 0; 2) p o l y -  
m e t h a c r y l a t e  in w a t e r  0. 025%, n = 1, 
T 1 = 0, T O = 0; 3) c a r b o x y m e t h y l  c e l -  
l u l o s e  in w a t e r  1%, n = 0 ,  T i =  50 
d y n e / c m  2, z 0 = 0; 4) r u b b e r  in t o l u -  
ene  1 .69%, n = - l ,  T l =  25 d y n e / c m  2, 

~o = 0; 5) b i t u m e n  MTTI, n = - - 6 ,  T o = 
= 1 2 . 5  d y n e / c m  2. 

10 I 

0 8 I6 2~i 8~ 

F i g .  6. 1) C a r b o x y m e t h y l  c e l l u l o s e  

in w a t e r 0 . 2 5 % ,  n = l ,  T l = 0 ,  % =  
= 0; 2) s t a r c h  in g lyco l  47 .4%,  n = 

= 2 ,  T I = 0 ,  T 0 = 0 .  

O 

0 ,8 i~ 2~ ~w 

Fig. 7. Starch in glycol 47.4%, 
t = 2 5 . 5  ~  T 0 = l l l P - I ,  ~P00 = 

= 46 P - 1  
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Q M .  J~ ,fO 

Fig .  8. C a r b o x y m e t h y l  c e l l u l o s e  
in w a t e r  0.25%, t = 4 5 ~  ~ C, 

~0 = 27.5 p - I  q~oo = 71 p-1. 

87 =r ~ " .' 

"C 

"2" 2, 

0 10 ~ 

Fig.  9. Po lymethacry la te  in water  
0.25%, i - -~0  = 29.5 p- t ,  ~ = 108 p- l ;  
2- -~0  = 27.5 p - l ,  q ~  = 105 p - l ;  3 - -  

~ 0 = 2 4 p - 1  ~0 = 1 0 0 p - 1 "  

/ 

47 

o 

O .  ' 

J7 - ~,- 

8. 10 ,20 30 /~7 

F i g .  10; P o l y v i n y l  a l c o h o l  in 
w a t e r  2.5%, 1- -~0  = 42 p -1, 
~poo = 70 p - l ;  2 _ ~ 0  = 39 p - l ;  
~ = 64.5 p - l ;  3 _ r  = 34.5 p - l ,  

q~oo = 56.5 p - i .  
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t h e  t a n g e n t i a l  s t r e s s  p r o f i l e  c a n  b e  r e p r e s e n t e d  in  

t h e  f o r m  [5] 

�9 ~ . ~ ( 1 - - 3 ~ + 2 ~  8) ( ~ = y / 0 ) .  ( 4 . 1 )  

H e r e  } i s  t h e  d i m e n s i o n l e s s  d i s t a n c e  a l o n g  t h e  n o r -  
m a l  f r o m  t h e  w a l l ,  5 i s  t h e  t h i c k n e s s  o f  t h e  b o u n d a r y  

l a y e r .  F o r  a l i n e a r  l a w  o f  f l u i d i t y  t h e  d i s t r i b u t i o n  o f  

t h e  l o n g i t u d i n a l  c o m p o n e n t  o f  t h e  v e l o c i t y  v e c t o r  i s  

g i v e n  by  

dwx / dy = q%T + 0-~ 2. ( 4 . 2 )  

I n t e g r a t i n g  ( 4 . 2 ) w i t h  a l l o w a n c e  f o r  ( 4 . 1 ) ,  w e  g e t  

(4.3) 
+ ~ 4- ~ / , e ~  p -- 2 e ~  6 + V #  ~ 7 1  �9 

W h e n  ~ = 1, w e  h a v e  Wx = w0, w h e r e  w 0 i s  t h e  r e -  
l o e i t y  o f  t h e  o n c o m i n g  f l o w  a n d ,  c o n s e q u e n t l y ,  

Wo = Vr (t  + W~,eT~).  ( 4 . 4 )  

F o r  t h e  f r i c t i o n  c o e f f i c i e n t ,  u s i n g  (4 . 4 ) ,  w e  h a v e  

,C t = 2S_E_w - 35 I ' 208~ v, ~ )  - - 1 ]  R , = W o ~ % p ,  pWo 2 - -  
(4 .5)  

0 
= ~ P wo~" 

5 .  F o r  t h e  e x p e r i m e n t a l  d e t e r m i n a t i o n  o f  t h e  r h e -  

o l o g i e a l  c h a r a c t e r i s t i c s  o f  a f l u i d  w e  c o m p u t e  d i r e c t l y  

n o t  t h e  t r u e  l a w  ~0(~-), b u t  t h e  r e l a t i o n  b e t w e e n  t h e  s o -  

c a l l e d  a p p a r e n t  f l u i d i t y  ~ k  a n d  t h e  t a n g e n t i a l  s h e a r i n g  

s t r e s s  a t  t h e  w a l l  ~-w- T h u s ,  f o r  e x a m p l e ,  i n  a c a p r i -  

l a r y  v i s e o m e t e r  f r o m  t h e  m e a s u r e d  f l o w  Q a n d  t h e  

p r e s s u r e  d r o p  A P  w e  f i n d  t h e  q u a n t i t i e s  

8LQ roAP ( 5 . 1 )  
~k~- - - - -~ro  ~ A P  ' "~w = ~ 

w h e r e  r a n d  L a r e  t h e  r a d i u s  a n d  l e n g t h  o f  t h e  c a p i l -  

l a r y .  In  t h e  r e g i o n  ~- < ~-I w e  h a v e  q) = q)0, a n d  in  t h e  

r e g i o n  ~- > ~'1 t h e  f u n c t i o n  q)(~-) ~ q~k(~'). F r o m  ( 5 . 1 )  

t h e r e  f o l l o w s  

<w> = ~ / ~ r o .  ( 5 . 2 )  

C o m p a r i n g  ( 5 . 2 )  w i t h  ( 3 . 6 ) ,  w e  h a v e  

O~ = 0 . 8 0 .  ( 5 . 3 )  

6. We shall make a comparison of the results obtained with ex-  
periment data. Above it was shown that the character of the fimctions 
r and ~k(r) is analogous, while the quantity ~ can be determined 
from ~k in accordance with (5.3); therefore the theological equation 
(2.4) can be checked from the data of viscometric measurements, 
i. e . ,  in the form Ck(rw). 

Figures 2-4  give experimental data for bitumen according to 
Mikhailov [6], for a solution of rubber in toluene according to Reiner 
[2], and also for a 1% aqueous solution of carboxymethyl cellulose 
according to our measurements. In the first case the yield point is 
distinctly observed, and in the other two cases the limit of structural 
stability. In Figs. 5 and 6 the same data and data on a series of other 
fluids are presented in semilogadthmic anamorphosis, where 

It should be noted that in Figs. 6 and 7 the solution of starch in 
glycol is [7] a fluid of dilatant type; Ar = 1 when Ar = 0. 

Clearly, within the limits of accuracy of the experiments and the 
estimates of % and r the theological law (2.4) is quite welI ex- 
pressed. 

Considering Figs. 5 and 6, it is possible to conclude that the scat- 
ter of the experimental points about the straight lines, especially in 
the region of large At, is quite large. However, it should be kept in 
mind that with increase in r a small error in the experimental deter- 
mination of @k corresponds to a considerable error in the quantity Ar 
represented in the graphs. In a number of cases the accuracy of the 
experimental data is hard to estimate; however, the fluidity curves 
calculated by us from Eq. (2.4) with values of & obtained from Figs. 
5 and 6 (& is the slope of the straight line) deviated from the experi- 
mental curves shown in Figs. 2 -4  and 7 by not more than 5%. 

Figures 8-10 show experimental data [8] that confirm the exis- 
tence of fluids with a linear fluidity law in the interval of r of prac- 
tical interest. 
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